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Abstract
Motivated by the celebrated discrete-time model of nervous
activity outlined by McCulloch and Pitts in 1943, we propose
a novel continuous-time model, the McCulloch-Pitts network
(MPN), for sequence learning in spiking neural networks. Our
model has a local learning rule, such that the synaptic weight
updates depend only on the information directly accessible
by the synapse. By exploiting asymmetry in the connections
between binary neurons, we show that MPN can be trained to
robustly memorize multiple spatiotemporal patterns of binary
vectors, generalizing the ability of the symmetric Hopfield
network to memorize static spatial patterns. In addition, we
demonstrate that the model can efficiently learn sequences of
binary pictures as well as generative models for experimental
neural spike-train data. Our learning rule is consistent with
spike-timing-dependent plasticity (STDP), thus providing a
theoretical ground for the systematic design of biologically
inspired networks with large and robust long-range sequence
storage capacity.
Introduction
Experimental evidence from neurobiology reveals that
changes in synaptic weights of some neurons depend on
the timing difference between presynaptic and postsynaptic
spikes (Markram and Sakmann 1995; Gerstner et al. 1996;
Bi and Poo 2001), a concept termed spike-timing-dependent
plasticity (STDP). While deep learning is tremendously suc-
cessful in numerous machine learning tasks, its underly-
ing backpropagation learning algorithm is biologically im-
plausible (Bengio et al. 2015). Recent works attempt to
bridge this gap by proposing STDP-consistent training rules
for deep learning (Bengio et al. 2015; Bengio et al. 2017;
Liu, Quek, and Lin 2018; Scellier and Bengio 2017), with the
hope of uncovering computationally efficient learning algo-
rithms inspired by biological brains. Thorough understanding
of STDP-consistent learning rules and their computing ca-
pabilities can also benefit the design of modern bioinspired
computing hardware such as neuromorphic chips.
On the other hand, machine learning can assist in the
quest for understanding how brains perform computation,
especially when viewed through the lens of a spiking neural
∗Correspondence to: thiparatc@gmail.com
network (SNN). For example, variational inference and re-
inforcement learning unveil SNN architectures that perform
probabilistic inference consistent with STDP rules (Nessler
et al. 2013; Pecevski and Maass 2016; Rezende, Wierstra,
and Gerstner 2011). Learning-to-learn methods and Long
Short-Term Memory help identify a novel SNN architecture
with the capability to store long spatiotemporal sequences
of spikes during computation (Bellec et al. 2018). More-
over, building generative models of SNNs from experimental
time-series data of action potentials yields insights into the
network structure generating such spikes (Tyrcha et al. 2013;
Nasser, Marre, and Cessac 2013; Zeng et al. 2013).
With the goal of building a biologically plausible gener-
ative model of SNNs from spatiotemporal patterns, such as
neural spike-train data, we propose a novel continuous-time
learning algorithm that is consistent with experimentally ob-
served STDP. We define simple rules for updating states and
learning weights of a continuous-time SNN and demonstrate
that the expected synaptic changes given a pair of presynaptic
and postsynaptic spikes reproduce the STDP curve. As a con-
sequence of our model, we show that the stochasticity of the
refractory period is an important ingredient for reproducing
STDP. Namely, by assuming that the time between the spik-
ing of a neuron and its recovery is stochastic and follows an
exponential distribution, we prove that the expected increase
or decrease in synaptic weights follows STDP-like curves.
In addition to its biological plausibility, our SNN model
is capable of learning sequences of binary vectors, or spa-
tiotemporal patterns of spikes. In the deterministic limit, this
network, a McCulloch-Pitts network (McCulloch and Pitts
1943), is a generalization of the Hopfield network that allows
asymmetric connections between fully-visible binary units.
As a result, deterministic dynamics in the state space can
converge to an attractor of period larger than one (a cycle),
as opposed to a fixed-point corresponding to a static spatial
memory in the Hopfield network. We demonstrate that the
network can be trained to memorize repeating sequences
of binary vectors and that the spatiotemporal memory is ro-
bust to perturbation. In particular, given an arbitrary initial
state of the spike pattern, the dynamics generated by the
trained network converge to a memorized cycle. Thus, the
STDP-consistent McCulloch-Pitts network performs a spa-
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tiotemporal pattern completion, generalizing the classical
Hopfield network that performs spatial pattern completion.
In the noisy limit, the trained network can be regarded as a
generative model for spatiotemporal patterns of spikes that
performs sampling of both the time to the next spiking event
and the neuron to next spike. We illustrate that this network
efficiently performs inference on continuous-time data from
a neurobiology experiment, and we discuss its applicability
to inference problems in neuroscience.
McCulloch-Pitts Networks
To begin, suppose we are presented with a time series D(t)
of binary vectors with single bit-flip transitions:
D(t) = x(0) for 0 = t0 ≤ t < t1,
...
D(t) = x(N−1) for tN−1 ≤ t < tN ,
D(t) = x(N) for t = tN .
Our goal is to train a continuous-time stochastic process that
mimics D(t).
In this section, we define our model of a neural stochastic
process, which we term a McCulloch-Pitts network. Relation-
ships to biological neural networks will be discussed in the
Spike-Timing-Dependent Plasticity section. Let G = (V,E)
be a weighted directed graph with vertices V = {1, . . . , d},
edges ij ∈ E from i to j, vertex biases b1, . . . , bd ∈ R, and
weights wij ∈ R for each edge ij ∈ E. Let θ = (bi, wij) de-
note the vector of parameters. Self-loops and directed cycles
are allowed in G.
Dynamics
Let X = {0, 1}d be the state space of binary vectors on V ,
and let X(t) be a stochastic process indexed by continuous
time t ≥ 0 with states X . Let τ > 0 be the temperature1, and
define flipi(x) to be the binary vector xwhose i-th coordinate
is flipped. To generate X(t), we select an initial condition
X(0) from X , and repeat the following two steps:
1. Suppose X(T ) = x. For each i ∈ V , we sample a holding
time ξi from the exponential distribution Exp(λi) where
λi = exp(σizi/τ), σi = 1−2xi, and zi =
∑
ji∈E wjixj+
bi.
2. Let ξj be the smallest of the holding times ξi, and let
T ′ = T + ξj . We set X(t) = x for all T ≤ t < T ′, and
X(T ′) = flipj(x). Finally, we update T ← T ′.
More generally, a rate scaling parameter ri could be in-
troduced in the rate λi = ri exp(σizi/τ). However, ri can
be absorbed into bi and wii, see Supplementary Materials
(SM) A. Thus, we can set ri = 1 for simplicity and assume
1Temperature can be interpreted as a proper physical tempera-
ture in the Boltzmann machine since its symmetric weights uniquely
determine states’ energy function, and its thermodynamics formula-
tion can be adopted. Here, in asymmetric networks, temperature re-
flects the frequency in which stochastic updates take place (intrinsic
noise). Zero temperature thus corresponds to deterministic dynam-
ics, whereas high temperature drives rapidly fluctuating stochastic
dynamics.
the graph G has self-loops. We term X(t) the McCulloch-
Pitts network (MPN) associated to (G, θ, τ). Observe that the
transitions in X(t) involve flipping only one bit at a time.
Alternatively, we can reformulate an equivalent yet simpler
algorithm to generate X(t) using softmax; given an initial
condition X(0) ∈ X , we repeat the following steps:
1. Let X(T ) = x. Sample ξ ∼ Exp(λ) where λ = ∑i∈V λi.
2. Let T ′ = T +ξ and setX(t) = x for all T ≤ t < T ′. Pick
j ∈ V according to Pi = λi/λ, and set X(T ′) = flipj(x).
Finally, we update T ← T ′.
The multinomial distribution Pi = λi/λ in step 2 is the
softmax, since Pi ∝ exp(σizi/τ).
Training
For brevity, let us define the following data statistics:
δ
(n)
i = x
(n+1)
i − x(n)i , σ(n)i = 1− 2x(n)i ,
z
(n)
i =
∑
ji∈E wjix
(n)
j + bi,
λ
(n)
i = exp
(
σ
(n)
i z
(n)
i /τ
)
, λ(n) =
∑
i
λ
(n)
i .
The log-conditional likelihood, LD(θ), measuring similarity
between model distribution X(t) and D(t), amounts to:
log p
(
X(t) = D(t) , 0 < t ≤ tN+1 |X(0) = x(0)
)
=
N−1∑
n=0
log p
(
X(t) = D(t) , tn < t ≤ tn+1 |X(tn) = x(n)
)
=
N−1∑
n=0
log

∏
i(λ
(n)
i )
∣∣δ(n)i ∣∣
λ(n)
λ(n) exp
[
(tn − tn+1)λ(n)
]
=
N−1∑
n=0
{Tn(θ) +Hn(θ)} ,
with transition terms Tn(θ) and holding termsHn(θ):
Tn(θ) =
∑d
i=1 δ
(n)
i z
(n)
i /τ,
Hn(θ) = −(tn+1 − tn)
∑d
i=1 λ
(n)
i .
Since −LD(θ) is convex (it consists of sums and exponen-
tiations of linear/convex functions), we will adopt gradient
methods for parameter optimization. Straightforward calcula-
tion yields the gradients of Tn(θ) andHn(θ):
∂Tn
∂wjk
=
1
τ
x
(n)
j δ
(n)
k ,
∂Tn
∂bk
=
1
τ
δ
(n)
k ,
∂Hn
∂wjk
= −1
τ
x
(n)
j σ
(n)
k λ
(n)
k (tn+1 − tn),
∂Hn
∂bk
= −1
τ
σ
(n)
k λ
(n)
k (tn+1 − tn).
Note that these rules are highly local, in the sense that the
update for a synaptic weight wik depends only on the presy-
naptic state xi, the postsynaptic rate λk, and the postsynaptic
transition δk. Similarly, the update for the bias bk depends
only on the rate λk and transition δk. Moreover, any parame-
ter update that agrees in sign with the above gradients will
increase both the transition and holding terms of the log-
conditional likelihood. Therefore, the training algorithm is
robust to noise (up to sign) in the parameter updates. See SM
C for the training algorithm pseudocode.
Spike-Timing-Dependent Plasticity
Recent work in neuroscience (Ermentrout and Terman 2010)
has shown that individual neurons often do not behave as
single spiking units. In fact, different compartments of a
neuron, such as the apical and basal regions of a pyramidal
neuron, can spike apart from the soma. To model such neural
dynamics with a McCulloch-Pitts network, we represent the
compartments of a neuron by the vertices of the graph G, and
refer to them as units rather than neurons to avoid confusion.
We assume that each spiking unit i is either in an armed
state xi = 0, capable of spiking, or in a refractory state
xi = 1, representing a unit that just spiked and is incapable
of spiking again until it recovers. We assume that a unit
influences the spiking of a neighboring unit if and only if it is
in the refractory state, a reasonable condition also assumed in
(Pecevski and Maass 2016). In addition, to account for a well-
known observation that the transmission of spikes across
synapses is unreliable (Faisal, Selen, and Wolpert 2008),
we model the random chance of spiking events that depend
on synaptic strengths wij and unit biases bi as stochastic
processes. Specifically, the wait time to the next spiking event
of unit i is assumed to be exponentially distributed with rate
λi(θ) = ri exp {σizi/τ} ,
where
σi = 1− 2xi, zi =
∑
ji∈E
wjixj + bi,
and where the parameter ri controls the background spiking
rate of the unit when zi vanishes. Note that when the unit
is armed, the expected time to fire exponentially decreases
with zi; it is thus tempting to call zi the “membrane poten-
tial” because of its similarity to classical integrate-and-fire
neurons. However, spike events are not stochastic when the
membrane potential is known (Zador 1998). To avoid confu-
sion, we shall therefore call zi the unsigned activity and σizi
the signed activity. Note also that while most neuron models
assume a fixed refractory period, in our model it is stochastic,
given by an exponential distribution whose expected time to
recovery is inversely proportional to the exponential of zi.
Learning in the network is implemented by two sets of
update rules. Let η be the learning rate. When a spike occurs,
we apply transition updates:
∆wjk =
η
τ
x
(n)
j δ
(n)
k , ∆bk =
η
τ
δ
(n)
k . (1)
On the other hand, when there are no spikes over a period of
time, we apply holding updates:
∆wjk = −η
τ
x
(n)
j σ
(n)
k λ
(n)
k (tn+1 − tn),
∆bk = −η
τ
σ
(n)
k λ
(n)
k (tn+1 − tn).
(2)
We may also interpret the holding updates as a fixed-rate
decay of the weights and biases over time.
In Bi and Poo’s experiments (Bi and Poo 1998) on spike-
timing-dependent plasticity (STDP), the behavior of a pair
of interconnected neurons, in which the synaptic weight is
not strong enough for a presynaptic spike to cause a postsy-
naptic spike, is studied. The presynaptic neuron is initially
stimulated to spike, and the amplitude of the excitatory post-
synaptic current (EPSC) is measured. After five minutes, the
presynaptic neuron is stimulated again to spike. Next, after
ε time, the postsynapse is stimulated to spike. This pair of
stimulations is repeated every second for 60 seconds. Finally,
after twenty minutes, the amplitude of the EPSC is measured
again and the percentage change is recorded.
We prove that the average case behavior of the learning al-
gorithm for an MPN agrees with the experimentally-observed
synaptic potentiation and depression in biological neural net-
works. To simplify the mathematical analysis, we shall make
the following assumptions:
1. Consider a synapse with presynaptic and postsynaptic
neurons i, j with states xi, xj . Let w be the synaptic weight
(directed weight from i to j), and bi, bj the neural biases.
Let zi = bi, zj = wxi + bj be the unsigned activities. Let
λi = ri exp(σizi/τ), λj = rj exp(σjzj/τ) be the firing
rates, where we set the background rate ri = rj = r, and τ
is the temperature controlling the degree of stochasticity.
2. The neurons do not spike unless they are manually
stimulated, but they may recover from their refractory state
on their own accord.
3. The weight w is updated according to equations (1) and
(2), but the biases bi, bj are fixed.
4. The ratio η/τ is much smaller than 1.
5. The refractory periods are on average shorter than the
armed periods.
Theorem 0.1. Assuming the above conditions, let ε be the
timing of the presynaptic spike subtracted from that of the
postsynaptic spike. If ε is small and positive, then the expected
synaptic weight change is
E[∆w] ≈ C1e−λi|ε|, λi = re−bi/τ ,
but if ε is small and negative, then the expected synaptic
weight change is
E[∆w] ≈ −C2e−λj |ε|, λj = re−(w+bj)/τ ,
where C1, C2 are positive constants.
Proof. See SM B.
Experiments
In this section, we showcase the biologically plausible fea-
tures and capabilities of the MPN2. We first numerically
verify the prediction of Theorem 0.1, reproducing STDP-like
curves from our learning rule. The MPN is then shown to be
self-consistent, i.e. accurate inference of its own generative
model is achievable. We next demonstrate the ability of MPN
to robustly memorize spatiotemporal patterns. Namely, we
2The codes are available at https://github.com/owen94/MPNets.
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Figure 1: STDP-like curves emerge from simulating an MPN
on a pair of neurons, in agreement with Theorem 0.1. We
denote the synaptic weight change as ∆w = wˆij − wij , and
E(∆w) is computed from averaging 10 trials. Vertical dashed
lines at each data point are error bars.
show that our model can be trained to memorize repeating
sequences of binary vectors with one-hop transitions and that
these memories are robust in the sense that they are stable
attractors of the MPN dynamics in the deterministic limit.
When the dynamics are stochastic, we show that stochastic-
ity assists in multiple-memory switching, as opposed to the
deterministic counterpart whose dynamics eventually fixes at
only one memory. Finally, we end this section by highlight-
ing two potentially useful sequence learning applications:
memorizing a long sequence of binary pictures (shown in Fig.
4 and the video in SM) and learning a generative model of
experimental neural spike-train data. The latter demonstrates
that MPNs can effectively reproduce spike-timing statistics
in neurobiology experiments.
STDP and MPN Learning Rule
By simulating the dynamics of a presynaptic neuron i and a
postsynaptic neuron j, we now verify the emergence of STDP
curves from our MPN learning rule. Following the algorithm
discussed in the Spike-Timing-Dependent Plasticity section,
the expected synaptic weight changes ∆wij can be measured
as a function of the spike timing difference .
We simulate 10 trials for each , while for each trial the
updates of 60 consecutive spikes are accumulated, as sug-
gested in (Bi and Poo 1998), to finally compute the new
synaptic weight wˆij . When there are no longer weight up-
dates for every spike, the update will be terminated. Here, we
set the learning rate for the transition and holding updates to
ηT = 0.05 and ηH = 0.001, respectively. Other parameters
are wij = 1, bi = bj = 0 .
Two initial conditions are considered: either neuron i is
in the refractory state and neuron j is in the armed state or
vice versa. Fig.1 displays simulation results for both initial
conditions, which reveals that the expected (average) weight
change consists of two exponential branches as a function of
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Figure 2: Deterministic dynamics of a trained MPN robustly
memorize spatiotemporal binary patterns. For an MPN with
8 neurons, the cycle of period 16 to be memorized can be
perfectly reproduced from the deterministic dynamics gener-
ated by the trained MPN (top). In addition, a spatiotemporal
memory is robust, as illustrated in the smaller state space
dynamics generated by another trained MPN with 4 neurons
(bottom). The number on each node is the decimal represen-
tation of the corresponding state binary vector of length 4;
e.g., (1, 0, 1, 0) is 5. Blue nodes are transient states that flow
along the arrow toward the robust spatiotemporal memory,
i.e. stable periodic attractor (red).
, in agreement with Theorem 0.1. This result is consistent
with the STDP rule discussed in (Bi and Poo 1998), and the
two branches do not need to be symmetric as assumed in
(Scellier and Bengio 2017).
Consistency Check: Here, we numerically show that
MPNs can consistently learn the parameters of another MPN
that generates training samples. 100,000 samples were gener-
ated from the pre-defined MPN of 10 neurons with weights
w and biases b. Next, we train an MPN to fit the generated
data. For the reconstruction error using `1 norm defined by
error(w, wˆ) = 1100‖w − wˆ‖, we find error(w, wˆ) = 0.03
after 30 epochs of training. This consistency check shows that
MPN is self-consistent. Note also that the training algorithm
converges fast, plateauing after 5 training epochs (see SM
D.1).
Robust Spatiotemporal Memory
Spatiotemporal memory: The advantage of weight asym-
metry is the flexibility to memorize repeating sequences of
spikes (cycles) regarded as spatiotemporal memories. Here,
we show that MPN can be trained to memorize a cycle using
the deterministic update rule (the noiseless limit is identical
to setting τ = 0). This update rule amounts to flipping the
neuron i with the highest rate, i.e., i = arg maxλj . Fig.2
(top) shows the cycle of period 16 to memorize, which is the
repeating sequence to be stored by an MPN with 8 neurons.
After training with this sequence, MPN can successfully gen-
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<latexit sha1_base64=" nQ5/YGT4T62MWi5tFI80Hqtjg/w=">AAAB+nicbVDL SsNAFJ34rPWV6tLNYBFclUQE3QhVNy4r2Ae0IUymk3b oZBJmbtQS+yluXCji1i9x5984abPQ1gMXDufcO3PvCR LBNTjOt7W0vLK6tl7aKG9ube/s2pW9lo5TRVmTxiJW nYBoJrhkTeAgWCdRjESBYO1gdJ377XumNI/lHYwT5kV kIHnIKQEj+XalB+wRMjqmgk38S3yBfbvq1Jwp8CJxC 1JFBRq+/dXrxzSNmAQqiNZd10nAy4gCnj9a7qWaJYSO yIB1DZUkYtrLpqtP8JFR+jiMlSkJeKr+nshIpPU4Ckx nRGCo571c/M/rphCeexmXSQpM0tlHYSowxDjPAfe5Y hTE2BBCFTe7YjokilAwaZVNCO78yYukdVJznZp7e1qt XxVxlNABOkTHyEVnqI5uUAM1EUUP6Bm9ojfryXqx3q2 PWeuSVczsoz+wPn8AsuGTmw==</latexit><latexit sha1_base64=" nQ5/YGT4T62MWi5tFI80Hqtjg/w=">AAAB+nicbVDL SsNAFJ34rPWV6tLNYBFclUQE3QhVNy4r2Ae0IUymk3b oZBJmbtQS+yluXCji1i9x5984abPQ1gMXDufcO3PvCR LBNTjOt7W0vLK6tl7aKG9ube/s2pW9lo5TRVmTxiJW nYBoJrhkTeAgWCdRjESBYO1gdJ377XumNI/lHYwT5kV kIHnIKQEj+XalB+wRMjqmgk38S3yBfbvq1Jwp8CJxC 1JFBRq+/dXrxzSNmAQqiNZd10nAy4gCnj9a7qWaJYSO yIB1DZUkYtrLpqtP8JFR+jiMlSkJeKr+nshIpPU4Ckx nRGCo571c/M/rphCeexmXSQpM0tlHYSowxDjPAfe5Y hTE2BBCFTe7YjokilAwaZVNCO78yYukdVJznZp7e1qt XxVxlNABOkTHyEVnqI5uUAM1EUUP6Bm9ojfryXqx3q2 PWeuSVczsoz+wPn8AsuGTmw==</latexit><latexit sha1_base64=" nQ5/YGT4T62MWi5tFI80Hqtjg/w=">AAAB+nicbVDL SsNAFJ34rPWV6tLNYBFclUQE3QhVNy4r2Ae0IUymk3b oZBJmbtQS+yluXCji1i9x5984abPQ1gMXDufcO3PvCR LBNTjOt7W0vLK6tl7aKG9ube/s2pW9lo5TRVmTxiJW nYBoJrhkTeAgWCdRjESBYO1gdJ377XumNI/lHYwT5kV kIHnIKQEj+XalB+wRMjqmgk38S3yBfbvq1Jwp8CJxC 1JFBRq+/dXrxzSNmAQqiNZd10nAy4gCnj9a7qWaJYSO yIB1DZUkYtrLpqtP8JFR+jiMlSkJeKr+nshIpPU4Ckx nRGCo571c/M/rphCeexmXSQpM0tlHYSowxDjPAfe5Y hTE2BBCFTe7YjokilAwaZVNCO78yYukdVJznZp7e1qt XxVxlNABOkTHyEVnqI5uUAM1EUUP6Bm9ojfryXqx3q2 PWeuSVczsoz+wPn8AsuGTmw==</latexit><latexit sha1_base64=" nQ5/YGT4T62MWi5tFI80Hqtjg/w=">AAAB+nicbVDL SsNAFJ34rPWV6tLNYBFclUQE3QhVNy4r2Ae0IUymk3b oZBJmbtQS+yluXCji1i9x5984abPQ1gMXDufcO3PvCR LBNTjOt7W0vLK6tl7aKG9ube/s2pW9lo5TRVmTxiJW nYBoJrhkTeAgWCdRjESBYO1gdJ377XumNI/lHYwT5kV kIHnIKQEj+XalB+wRMjqmgk38S3yBfbvq1Jwp8CJxC 1JFBRq+/dXrxzSNmAQqiNZd10nAy4gCnj9a7qWaJYSO yIB1DZUkYtrLpqtP8JFR+jiMlSkJeKr+nshIpPU4Ckx nRGCo571c/M/rphCeexmXSQpM0tlHYSowxDjPAfe5Y hTE2BBCFTe7YjokilAwaZVNCO78yYukdVJznZp7e1qt XxVxlNABOkTHyEVnqI5uUAM1EUUP6Bm9ojfryXqx3q2 PWeuSVczsoz+wPn8AsuGTmw==</latexit>
cycleB =
<latexit sha1_base64="gnFuEyN4CA8vZ2eVo DUUzP63TpE=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUQE3QilblxWsA9oQ5hMp+3QySTM3Kg h9lPcuFDErV/izr9x0mahrQcuHM65d+beE8SCa3Ccb2tldW19Y7O0Vd7e2d3btysHbR0lirIWjUSk ugHRTHDJWsBBsG6sGAkDwTrB5Dr3O/dMaR7JO0hj5oVkJPmQUwJG8u1KH9gjZDSlgk39Br7Cvl11 as4MeJm4BamiAk3f/uoPIpqETAIVROue68TgZUQBzx8t9xPNYkInZMR6hkoSMu1ls9Wn+MQoAzyMl CkJeKb+nshIqHUaBqYzJDDWi14u/uf1EhheehmXcQJM0vlHw0RgiHCeAx5wxSiI1BBCFTe7Yjomi lAwaZVNCO7iycukfVZznZp7e16tN4o4SugIHaNT5KILVEc3qIlaiKIH9Ixe0Zv1ZL1Y79bHvHXFKm YO0R9Ynz+0aJOc</latexit><latexit sha1_base64="gnFuEyN4CA8vZ2eVo DUUzP63TpE=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUQE3QilblxWsA9oQ5hMp+3QySTM3Kg h9lPcuFDErV/izr9x0mahrQcuHM65d+beE8SCa3Ccb2tldW19Y7O0Vd7e2d3btysHbR0lirIWjUSk ugHRTHDJWsBBsG6sGAkDwTrB5Dr3O/dMaR7JO0hj5oVkJPmQUwJG8u1KH9gjZDSlgk39Br7Cvl11 as4MeJm4BamiAk3f/uoPIpqETAIVROue68TgZUQBzx8t9xPNYkInZMR6hkoSMu1ls9Wn+MQoAzyMl CkJeKb+nshIqHUaBqYzJDDWi14u/uf1EhheehmXcQJM0vlHw0RgiHCeAx5wxSiI1BBCFTe7Yjomi lAwaZVNCO7iycukfVZznZp7e16tN4o4SugIHaNT5KILVEc3qIlaiKIH9Ixe0Zv1ZL1Y79bHvHXFKm YO0R9Ynz+0aJOc</latexit><latexit sha1_base64="gnFuEyN4CA8vZ2eVo DUUzP63TpE=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUQE3QilblxWsA9oQ5hMp+3QySTM3Kg h9lPcuFDErV/izr9x0mahrQcuHM65d+beE8SCa3Ccb2tldW19Y7O0Vd7e2d3btysHbR0lirIWjUSk ugHRTHDJWsBBsG6sGAkDwTrB5Dr3O/dMaR7JO0hj5oVkJPmQUwJG8u1KH9gjZDSlgk39Br7Cvl11 as4MeJm4BamiAk3f/uoPIpqETAIVROue68TgZUQBzx8t9xPNYkInZMR6hkoSMu1ls9Wn+MQoAzyMl CkJeKb+nshIqHUaBqYzJDDWi14u/uf1EhheehmXcQJM0vlHw0RgiHCeAx5wxSiI1BBCFTe7Yjomi lAwaZVNCO7iycukfVZznZp7e16tN4o4SugIHaNT5KILVEc3qIlaiKIH9Ixe0Zv1ZL1Y79bHvHXFKm YO0R9Ynz+0aJOc</latexit><latexit sha1_base64="gnFuEyN4CA8vZ2eVo DUUzP63TpE=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUQE3QilblxWsA9oQ5hMp+3QySTM3Kg h9lPcuFDErV/izr9x0mahrQcuHM65d+beE8SCa3Ccb2tldW19Y7O0Vd7e2d3btysHbR0lirIWjUSk ugHRTHDJWsBBsG6sGAkDwTrB5Dr3O/dMaR7JO0hj5oVkJPmQUwJG8u1KH9gjZDSlgk39Br7Cvl11 as4MeJm4BamiAk3f/uoPIpqETAIVROue68TgZUQBzx8t9xPNYkInZMR6hkoSMu1ls9Wn+MQoAzyMl CkJeKb+nshIqHUaBqYzJDDWi14u/uf1EhheehmXcQJM0vlHw0RgiHCeAx5wxSiI1BBCFTe7Yjomi lAwaZVNCO7iycukfVZznZp7e16tN4o4SugIHaNT5KILVEc3qIlaiKIH9Ixe0Zv1ZL1Y79bHvHXFKm YO0R9Ynz+0aJOc</latexit>
d(cycleA, cycleB) = 1
<latexit sha1_base64="cezmZH2OaA9svdZlVYvRiPqIB38=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsIGVGBN0 ItW5cVrAPaEvJZDJtaOZBckcsQz/Bjb/ixoUibl2682/MtLOwrQcCJ+fce5N7nEhwBZb1Y+SWlldW1/LrhY3Nre0dc3evocJYUlanoQhlyyGKCR6wOnAQrBVJRnxHsKYzvEn95gOTiofBPYwi1vVJP+AepwS01DOP3RLuAHuEhI6oYOPe9ens vYpP8BW2e2bRKlsT4EViZ6SIMtR65nfHDWnsswCoIEq1bSuCbkIk8HRuoRMrFhE6JH3W1jQgPlPdZLLQGB9pxcVeKPUJAE/Uvx0J8ZUa+Y6u9AkM1LyXiv957Ri8y27CgygGFtDpQ14sMIQ4TQe7XDIKYqQJoZLrv2I6IJJQ0BkWdAj2/MqLp HFWtq2yfXderFSzOPLoAB2iErLRBaqgW1RDdUTRE3pBb+jdeDZejQ/jc1qaM7KefTQD4+sXteebsw==</latexit><latexit sha1_base64="cezmZH2OaA9svdZlVYvRiPqIB38=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsIGVGBN0 ItW5cVrAPaEvJZDJtaOZBckcsQz/Bjb/ixoUibl2682/MtLOwrQcCJ+fce5N7nEhwBZb1Y+SWlldW1/LrhY3Nre0dc3evocJYUlanoQhlyyGKCR6wOnAQrBVJRnxHsKYzvEn95gOTiofBPYwi1vVJP+AepwS01DOP3RLuAHuEhI6oYOPe9ens vYpP8BW2e2bRKlsT4EViZ6SIMtR65nfHDWnsswCoIEq1bSuCbkIk8HRuoRMrFhE6JH3W1jQgPlPdZLLQGB9pxcVeKPUJAE/Uvx0J8ZUa+Y6u9AkM1LyXiv957Ri8y27CgygGFtDpQ14sMIQ4TQe7XDIKYqQJoZLrv2I6IJJQ0BkWdAj2/MqLp HFWtq2yfXderFSzOPLoAB2iErLRBaqgW1RDdUTRE3pBb+jdeDZejQ/jc1qaM7KefTQD4+sXteebsw==</latexit><latexit sha1_base64="cezmZH2OaA9svdZlVYvRiPqIB38=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsIGVGBN0 ItW5cVrAPaEvJZDJtaOZBckcsQz/Bjb/ixoUibl2682/MtLOwrQcCJ+fce5N7nEhwBZb1Y+SWlldW1/LrhY3Nre0dc3evocJYUlanoQhlyyGKCR6wOnAQrBVJRnxHsKYzvEn95gOTiofBPYwi1vVJP+AepwS01DOP3RLuAHuEhI6oYOPe9ens vYpP8BW2e2bRKlsT4EViZ6SIMtR65nfHDWnsswCoIEq1bSuCbkIk8HRuoRMrFhE6JH3W1jQgPlPdZLLQGB9pxcVeKPUJAE/Uvx0J8ZUa+Y6u9AkM1LyXiv957Ri8y27CgygGFtDpQ14sMIQ4TQe7XDIKYqQJoZLrv2I6IJJQ0BkWdAj2/MqLp HFWtq2yfXderFSzOPLoAB2iErLRBaqgW1RDdUTRE3pBb+jdeDZejQ/jc1qaM7KefTQD4+sXteebsw==</latexit><latexit sha1_base64="cezmZH2OaA9svdZlVYvRiPqIB38=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsIGVGBN0 ItW5cVrAPaEvJZDJtaOZBckcsQz/Bjb/ixoUibl2682/MtLOwrQcCJ+fce5N7nEhwBZb1Y+SWlldW1/LrhY3Nre0dc3evocJYUlanoQhlyyGKCR6wOnAQrBVJRnxHsKYzvEn95gOTiofBPYwi1vVJP+AepwS01DOP3RLuAHuEhI6oYOPe9ens vYpP8BW2e2bRKlsT4EViZ6SIMtR65nfHDWnsswCoIEq1bSuCbkIk8HRuoRMrFhE6JH3W1jQgPlPdZLLQGB9pxcVeKPUJAE/Uvx0J8ZUa+Y6u9AkM1LyXiv957Ri8y27CgygGFtDpQ14sMIQ4TQe7XDIKYqQJoZLrv2I6IJJQ0BkWdAj2/MqLp HFWtq2yfXderFSzOPLoAB2iErLRBaqgW1RDdUTRE3pBb+jdeDZejQ/jc1qaM7KefTQD4+sXteebsw==</latexit>
cycleA =
<latexit sha1_base64="nQ5/YGT4T62MWi5tFI80Hqtjg/w=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclU QE3QhVNy4r2Ae0IUymk3boZBJmbtQS+yluXCji1i9x5984abPQ1gMXDufcO3PvCRLBNTjOt7W0vLK6tl7aKG9ube/s2pW9lo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gdJ377XumNI/lHYwT5kVkIHnIKQEj+XalB+wRMjqm gk38S3yBfbvq1Jwp8CJxC1JFBRq+/dXrxzSNmAQqiNZd10nAy4gCnj9a7qWaJYSOyIB1DZUkYtrLpqtP8JFR+jiMlSkJeKr+nshIpPU4CkxnRGCo571c/M/rphCeexmXSQpM0tlHYSowxDjPAfe5YhTE2BBCFTe7YjokilAwaZV NCO78yYukdVJznZp7e1qtXxVxlNABOkTHyEVnqI5uUAM1EUUP6Bm9ojfryXqx3q2PWeuSVczsoz+wPn8AsuGTmw==</latexit><latexit sha1_base64="nQ5/YGT4T62MWi5tFI80Hqtjg/w=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclU QE3QhVNy4r2Ae0IUymk3boZBJmbtQS+yluXCji1i9x5984abPQ1gMXDufcO3PvCRLBNTjOt7W0vLK6tl7aKG9ube/s2pW9lo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gdJ377XumNI/lHYwT5kVkIHnIKQEj+XalB+wRMjqm gk38S3yBfbvq1Jwp8CJxC1JFBRq+/dXrxzSNmAQqiNZd10nAy4gCnj9a7qWaJYSOyIB1DZUkYtrLpqtP8JFR+jiMlSkJeKr+nshIpPU4CkxnRGCo571c/M/rphCeexmXSQpM0tlHYSowxDjPAfe5YhTE2BBCFTe7YjokilAwaZV NCO78yYukdVJznZp7e1qtXxVxlNABOkTHyEVnqI5uUAM1EUUP6Bm9ojfryXqx3q2PWeuSVczsoz+wPn8AsuGTmw==</latexit><latexit sha1_base64="nQ5/YGT4T62MWi5tFI80Hqtjg/w=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclU QE3QhVNy4r2Ae0IUymk3boZBJmbtQS+yluXCji1i9x5984abPQ1gMXDufcO3PvCRLBNTjOt7W0vLK6tl7aKG9ube/s2pW9lo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gdJ377XumNI/lHYwT5kVkIHnIKQEj+XalB+wRMjqm gk38S3yBfbvq1Jwp8CJxC1JFBRq+/dXrxzSNmAQqiNZd10nAy4gCnj9a7qWaJYSOyIB1DZUkYtrLpqtP8JFR+jiMlSkJeKr+nshIpPU4CkxnRGCo571c/M/rphCeexmXSQpM0tlHYSowxDjPAfe5YhTE2BBCFTe7YjokilAwaZV NCO78yYukdVJznZp7e1qtXxVxlNABOkTHyEVnqI5uUAM1EUUP6Bm9ojfryXqx3q2PWeuSVczsoz+wPn8AsuGTmw==</latexit><latexit sha1_base64="nQ5/YGT4T62MWi5tFI80Hqtjg/w=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclU QE3QhVNy4r2Ae0IUymk3boZBJmbtQS+yluXCji1i9x5984abPQ1gMXDufcO3PvCRLBNTjOt7W0vLK6tl7aKG9ube/s2pW9lo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gdJ377XumNI/lHYwT5kVkIHnIKQEj+XalB+wRMjqm gk38S3yBfbvq1Jwp8CJxC1JFBRq+/dXrxzSNmAQqiNZd10nAy4gCnj9a7qWaJYSOyIB1DZUkYtrLpqtP8JFR+jiMlSkJeKr+nshIpPU4CkxnRGCo571c/M/rphCeexmXSQpM0tlHYSowxDjPAfe5YhTE2BBCFTe7YjokilAwaZV NCO78yYukdVJznZp7e1qtXxVxlNABOkTHyEVnqI5uUAM1EUUP6Bm9ojfryXqx3q2PWeuSVczsoz+wPn8AsuGTmw==</latexit>
cycleB =
<latexit sha1_base64="gnFuEyN4CA8vZ2eVoDUUzP63TpE=">AAAB+nicbVDLSsNAFJ34rPWV6 tLNYBFclUQE3QilblxWsA9oQ5hMp+3QySTM3Kgh9lPcuFDErV/izr9x0mahrQcuHM65d+beE8SCa3Ccb2tldW19Y7O0Vd7e2d3btysHbR0lirIWjUSkugHRTHDJWsBBsG6sGAkDwTrB5Dr3O/dMaR7JO0 hj5oVkJPmQUwJG8u1KH9gjZDSlgk39Br7Cvl11as4MeJm4BamiAk3f/uoPIpqETAIVROue68TgZUQBzx8t9xPNYkInZMR6hkoSMu1ls9Wn+MQoAzyMlCkJeKb+nshIqHUaBqYzJDDWi14u/uf1Ehheehm XcQJM0vlHw0RgiHCeAx5wxSiI1BBCFTe7YjomilAwaZVNCO7iycukfVZznZp7e16tN4o4SugIHaNT5KILVEc3qIlaiKIH9Ixe0Zv1ZL1Y79bHvHXFKmYO0R9Ynz+0aJOc</latexit><latexit sha1_base64="gnFuEyN4CA8vZ2eVoDUUzP63TpE=">AAAB+nicbVDLSsNAFJ34rPWV6 tLNYBFclUQE3QilblxWsA9oQ5hMp+3QySTM3Kgh9lPcuFDErV/izr9x0mahrQcuHM65d+beE8SCa3Ccb2tldW19Y7O0Vd7e2d3btysHbR0lirIWjUSkugHRTHDJWsBBsG6sGAkDwTrB5Dr3O/dMaR7JO0 hj5oVkJPmQUwJG8u1KH9gjZDSlgk39Br7Cvl11as4MeJm4BamiAk3f/uoPIpqETAIVROue68TgZUQBzx8t9xPNYkInZMR6hkoSMu1ls9Wn+MQoAzyMlCkJeKb+nshIqHUaBqYzJDDWi14u/uf1Ehheehm XcQJM0vlHw0RgiHCeAx5wxSiI1BBCFTe7YjomilAwaZVNCO7iycukfVZznZp7e16tN4o4SugIHaNT5KILVEc3qIlaiKIH9Ixe0Zv1ZL1Y79bHvHXFKmYO0R9Ynz+0aJOc</latexit><latexit sha1_base64="gnFuEyN4CA8vZ2eVoDUUzP63TpE=">AAAB+nicbVDLSsNAFJ34rPWV6 tLNYBFclUQE3QilblxWsA9oQ5hMp+3QySTM3Kgh9lPcuFDErV/izr9x0mahrQcuHM65d+beE8SCa3Ccb2tldW19Y7O0Vd7e2d3btysHbR0lirIWjUSkugHRTHDJWsBBsG6sGAkDwTrB5Dr3O/dMaR7JO0 hj5oVkJPmQUwJG8u1KH9gjZDSlgk39Br7Cvl11as4MeJm4BamiAk3f/uoPIpqETAIVROue68TgZUQBzx8t9xPNYkInZMR6hkoSMu1ls9Wn+MQoAzyMlCkJeKb+nshIqHUaBqYzJDDWi14u/uf1Ehheehm XcQJM0vlHw0RgiHCeAx5wxSiI1BBCFTe7YjomilAwaZVNCO7iycukfVZznZp7e16tN4o4SugIHaNT5KILVEc3qIlaiKIH9Ixe0Zv1ZL1Y79bHvHXFKmYO0R9Ynz+0aJOc</latexit><latexit sha1_base64="gnFuEyN4CA8vZ2eVoDUUzP63TpE=">AAAB+nicbVDLSsNAFJ34rPWV6 tLNYBFclUQE3QilblxWsA9oQ5hMp+3QySTM3Kgh9lPcuFDErV/izr9x0mahrQcuHM65d+beE8SCa3Ccb2tldW19Y7O0Vd7e2d3btysHbR0lirIWjUSkugHRTHDJWsBBsG6sGAkDwTrB5Dr3O/dMaR7JO0 hj5oVkJPmQUwJG8u1KH9gjZDSlgk39Br7Cvl11as4MeJm4BamiAk3f/uoPIpqETAIVROue68TgZUQBzx8t9xPNYkInZMR6hkoSMu1ls9Wn+MQoAzyMlCkJeKb+nshIqHUaBqYzJDDWi14u/uf1Ehheehm XcQJM0vlHw0RgiHCeAx5wxSiI1BBCFTe7YjomilAwaZVNCO7iycukfVZznZp7e16tN4o4SugIHaNT5KILVEc3qIlaiKIH9Ixe0Zv1ZL1Y79bHvHXFKmYO0R9Ynz+0aJOc</latexit>
⌧ = 0.1
<latexit sha1_base64="ZwXPYHW5lsYVu++QPijVIDyX0D8=">AAAB8XicbVBN S8NAEJ3Ur1q/qh69LBbBU0lEqAhCwYvHCvYD21A22027dLMJuxOhhP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJa x7gTUcCkUb6JAyTuJ5jQKJG8H49uZ337i2ohYPeAk4X5Eh0qEglG00mMPaUpuiFv1+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71 qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOVnQiUpcsUWi8JUEozJ7H0yEJozlBNLKNPC3krYiGrK0IZUsiF4yy+vktZF1bOJ3V9W6td5H EU4gVM4Bw9qUIc7aEATGCh4hld4c4zz4rw7H4vWgpPPHMMfOJ8/nxOPiA==</latexit><latexit sha1_base64="ZwXPYHW5lsYVu++QPijVIDyX0D8=">AAAB8XicbVBN S8NAEJ3Ur1q/qh69LBbBU0lEqAhCwYvHCvYD21A22027dLMJuxOhhP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJa x7gTUcCkUb6JAyTuJ5jQKJG8H49uZ337i2ohYPeAk4X5Eh0qEglG00mMPaUpuiFv1+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71 qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOVnQiUpcsUWi8JUEozJ7H0yEJozlBNLKNPC3krYiGrK0IZUsiF4yy+vktZF1bOJ3V9W6td5H EU4gVM4Bw9qUIc7aEATGCh4hld4c4zz4rw7H4vWgpPPHMMfOJ8/nxOPiA==</latexit><latexit sha1_base64="ZwXPYHW5lsYVu++QPijVIDyX0D8=">AAAB8XicbVBN S8NAEJ3Ur1q/qh69LBbBU0lEqAhCwYvHCvYD21A22027dLMJuxOhhP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJa x7gTUcCkUb6JAyTuJ5jQKJG8H49uZ337i2ohYPeAk4X5Eh0qEglG00mMPaUpuiFv1+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71 qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOVnQiUpcsUWi8JUEozJ7H0yEJozlBNLKNPC3krYiGrK0IZUsiF4yy+vktZF1bOJ3V9W6td5H EU4gVM4Bw9qUIc7aEATGCh4hld4c4zz4rw7H4vWgpPPHMMfOJ8/nxOPiA==</latexit><latexit sha1_base64="ZwXPYHW5lsYVu++QPijVIDyX0D8=">AAAB8XicbVBN S8NAEJ3Ur1q/qh69LBbBU0lEqAhCwYvHCvYD21A22027dLMJuxOhhP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJa x7gTUcCkUb6JAyTuJ5jQKJG8H49uZ337i2ohYPeAk4X5Eh0qEglG00mMPaUpuiFv1+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71 qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOVnQiUpcsUWi8JUEozJ7H0yEJozlBNLKNPC3krYiGrK0IZUsiF4yy+vktZF1bOJ3V9W6td5H EU4gVM4Bw9qUIc7aEATGCh4hld4c4zz4rw7H4vWgpPPHMMfOJ8/nxOPiA==</latexit>
⌧ = 0.5
<latexit sha1_base64="GpKOwWQJMuj71fqXWd3pt2f+Fa4=">AAAB8XicbVBN S8NAEJ3Ur1q/qh69LBbBU0hEUQSh4MVjBfuBbSib7bZdutmE3YlQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFyZSGPS8b6ewsrq2vlHcLG1t7+zulfcPGiZONeN1Fst Yt0JquBSK11Gg5K1EcxqFkjfD0e3Ubz5xbUSsHnCc8CCiAyX6glG00mMHaUpuiOdedMsVz/VmIMvEz0kFctS65a9OL2ZpxBUySY1p+16CQUY1Cib5pNRJDU8oG9EBb1 uqaMRNkM0unpATq/RIP9a2FJKZ+nsio5Ex4yi0nRHFoVn0puJ/XjvF/lWQCZWkyBWbL+qnkmBMpu+TntCcoRxbQpkW9lbChlRThjakkg3BX3x5mTTOXN9z/fvzSvU6j 6MIR3AMp+DDJVThDmpQBwYKnuEV3hzjvDjvzse8teDkM4fwB87nD6Ujj4w=</latexit><latexit sha1_base64="GpKOwWQJMuj71fqXWd3pt2f+Fa4=">AAAB8XicbVBN S8NAEJ3Ur1q/qh69LBbBU0hEUQSh4MVjBfuBbSib7bZdutmE3YlQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFyZSGPS8b6ewsrq2vlHcLG1t7+zulfcPGiZONeN1Fst Yt0JquBSK11Gg5K1EcxqFkjfD0e3Ubz5xbUSsHnCc8CCiAyX6glG00mMHaUpuiOdedMsVz/VmIMvEz0kFctS65a9OL2ZpxBUySY1p+16CQUY1Cib5pNRJDU8oG9EBb1 uqaMRNkM0unpATq/RIP9a2FJKZ+nsio5Ex4yi0nRHFoVn0puJ/XjvF/lWQCZWkyBWbL+qnkmBMpu+TntCcoRxbQpkW9lbChlRThjakkg3BX3x5mTTOXN9z/fvzSvU6j 6MIR3AMp+DDJVThDmpQBwYKnuEV3hzjvDjvzse8teDkM4fwB87nD6Ujj4w=</latexit><latexit sha1_base64="GpKOwWQJMuj71fqXWd3pt2f+Fa4=">AAAB8XicbVBN S8NAEJ3Ur1q/qh69LBbBU0hEUQSh4MVjBfuBbSib7bZdutmE3YlQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFyZSGPS8b6ewsrq2vlHcLG1t7+zulfcPGiZONeN1Fst Yt0JquBSK11Gg5K1EcxqFkjfD0e3Ubz5xbUSsHnCc8CCiAyX6glG00mMHaUpuiOdedMsVz/VmIMvEz0kFctS65a9OL2ZpxBUySY1p+16CQUY1Cib5pNRJDU8oG9EBb1 uqaMRNkM0unpATq/RIP9a2FJKZ+nsio5Ex4yi0nRHFoVn0puJ/XjvF/lWQCZWkyBWbL+qnkmBMpu+TntCcoRxbQpkW9lbChlRThjakkg3BX3x5mTTOXN9z/fvzSvU6j 6MIR3AMp+DDJVThDmpQBwYKnuEV3hzjvDjvzse8teDkM4fwB87nD6Ujj4w=</latexit><latexit sha1_base64="GpKOwWQJMuj71fqXWd3pt2f+Fa4=">AAAB8XicbVBN S8NAEJ3Ur1q/qh69LBbBU0hEUQSh4MVjBfuBbSib7bZdutmE3YlQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFyZSGPS8b6ewsrq2vlHcLG1t7+zulfcPGiZONeN1Fst Yt0JquBSK11Gg5K1EcxqFkjfD0e3Ubz5xbUSsHnCc8CCiAyX6glG00mMHaUpuiOdedMsVz/VmIMvEz0kFctS65a9OL2ZpxBUySY1p+16CQUY1Cib5pNRJDU8oG9EBb1 uqaMRNkM0unpATq/RIP9a2FJKZ+nsio5Ex4yi0nRHFoVn0puJ/XjvF/lWQCZWkyBWbL+qnkmBMpu+TntCcoRxbQpkW9lbChlRThjakkg3BX3x5mTTOXN9z/fvzSvU6j 6MIR3AMp+DDJVThDmpQBwYKnuEV3hzjvDjvzse8teDkM4fwB87nD6Ujj4w=</latexit>
⌧ = 0.8
<latexit sha1_base64="D7mPRE8R1bQm0hiw0mUjRkbAexQ=">AAAB8XicbVBN S8NAEJ3Ur1q/qh69LBbBU0hEsAhCwYvHCvYD21A22027dLMJuxOhlP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzL0ylMOh5305hbX1jc6u4XdrZ3ds/KB8eNU2SacYbLJG JbofUcCkUb6BAydup5jQOJW+Fo9uZ33ri2ohEPeA45UFMB0pEglG00mMXaUZuiOdWe+WK53pzkFXi56QCOeq98le3n7As5gqZpMZ0fC/FYEI1Cib5tNTNDE8pG9EB71 iqaMxNMJlfPCVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6GUTWYCJVmyBVbLIoySTAhs/dJX2jOUI4toUwLeythQ6opQxtSyYbgL7+8SpoXru+5/v1lpXadx 1GEEziFc/DhCmpwB3VoAAMFz/AKb45xXpx352PRWnDymWP4A+fzB6mvj48=</latexit><latexit sha1_base64="D7mPRE8R1bQm0hiw0mUjRkbAexQ=">AAAB8XicbVBN S8NAEJ3Ur1q/qh69LBbBU0hEsAhCwYvHCvYD21A22027dLMJuxOhlP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzL0ylMOh5305hbX1jc6u4XdrZ3ds/KB8eNU2SacYbLJG JbofUcCkUb6BAydup5jQOJW+Fo9uZ33ri2ohEPeA45UFMB0pEglG00mMXaUZuiOdWe+WK53pzkFXi56QCOeq98le3n7As5gqZpMZ0fC/FYEI1Cib5tNTNDE8pG9EB71 iqaMxNMJlfPCVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6GUTWYCJVmyBVbLIoySTAhs/dJX2jOUI4toUwLeythQ6opQxtSyYbgL7+8SpoXru+5/v1lpXadx 1GEEziFc/DhCmpwB3VoAAMFz/AKb45xXpx352PRWnDymWP4A+fzB6mvj48=</latexit><latexit sha1_base64="D7mPRE8R1bQm0hiw0mUjRkbAexQ=">AAAB8XicbVBN S8NAEJ3Ur1q/qh69LBbBU0hEsAhCwYvHCvYD21A22027dLMJuxOhlP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzL0ylMOh5305hbX1jc6u4XdrZ3ds/KB8eNU2SacYbLJG JbofUcCkUb6BAydup5jQOJW+Fo9uZ33ri2ohEPeA45UFMB0pEglG00mMXaUZuiOdWe+WK53pzkFXi56QCOeq98le3n7As5gqZpMZ0fC/FYEI1Cib5tNTNDE8pG9EB71 iqaMxNMJlfPCVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6GUTWYCJVmyBVbLIoySTAhs/dJX2jOUI4toUwLeythQ6opQxtSyYbgL7+8SpoXru+5/v1lpXadx 1GEEziFc/DhCmpwB3VoAAMFz/AKb45xXpx352PRWnDymWP4A+fzB6mvj48=</latexit><latexit sha1_base64="D7mPRE8R1bQm0hiw0mUjRkbAexQ=">AAAB8XicbVBN S8NAEJ3Ur1q/qh69LBbBU0hEsAhCwYvHCvYD21A22027dLMJuxOhlP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzL0ylMOh5305hbX1jc6u4XdrZ3ds/KB8eNU2SacYbLJG JbofUcCkUb6BAydup5jQOJW+Fo9uZ33ri2ohEPeA45UFMB0pEglG00mMXaUZuiOdWe+WK53pzkFXi56QCOeq98le3n7As5gqZpMZ0fC/FYEI1Cib5tNTNDE8pG9EB71 iqaMxNMJlfPCVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6GUTWYCJVmyBVbLIoySTAhs/dJX2jOUI4toUwLeythQ6opQxtSyYbgL7+8SpoXru+5/v1lpXadx 1GEEziFc/DhCmpwB3VoAAMFz/AKb45xXpx352PRWnDymWP4A+fzB6mvj48=</latexit>
= 1
<latexit sha1_base64="J+OLQSEI6VqelaNwRg2+CmNEbVM=">AAAB6nicbVA9 SwNBEJ2LXzF+RS1tFoNgFe5SGBshYGMZ0XxAcoS9zVyyZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCx i1Q2oRsEltgw3AruJQhoFAjvB5Hbud55QaR7LRzNN0I/oSPKQM2qs9HBDvEG54lbdBcg68XJSgRzNQfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9 ni1Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz2My6T1KBky0VhKoiJyfxvMuQKmRFTSyhT3N5K2JgqyoxNp2RD8FZfXiftWtVzq959rdK4yuMowhmcw yV4UIcG3EETWsBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wdNyI0Y</latexit><latexit sha1_base64="J+OLQSEI6VqelaNwRg2+CmNEbVM=">AAAB6nicbVA9 SwNBEJ2LXzF+RS1tFoNgFe5SGBshYGMZ0XxAcoS9zVyyZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCx i1Q2oRsEltgw3AruJQhoFAjvB5Hbud55QaR7LRzNN0I/oSPKQM2qs9HBDvEG54lbdBcg68XJSgRzNQfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9 ni1Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz2My6T1KBky0VhKoiJyfxvMuQKmRFTSyhT3N5K2JgqyoxNp2RD8FZfXiftWtVzq959rdK4yuMowhmcw yV4UIcG3EETWsBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wdNyI0Y</latexit><latexit sha1_base64="J+OLQSEI6VqelaNwRg2+CmNEbVM=">AAAB6nicbVA9 SwNBEJ2LXzF+RS1tFoNgFe5SGBshYGMZ0XxAcoS9zVyyZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCx i1Q2oRsEltgw3AruJQhoFAjvB5Hbud55QaR7LRzNN0I/oSPKQM2qs9HBDvEG54lbdBcg68XJSgRzNQfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9 ni1Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz2My6T1KBky0VhKoiJyfxvMuQKmRFTSyhT3N5K2JgqyoxNp2RD8FZfXiftWtVzq959rdK4yuMowhmcw yV4UIcG3EETWsBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wdNyI0Y</latexit><latexit sha1_base64="J+OLQSEI6VqelaNwRg2+CmNEbVM=">AAAB6nicbVA9 SwNBEJ2LXzF+RS1tFoNgFe5SGBshYGMZ0XxAcoS9zVyyZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCx i1Q2oRsEltgw3AruJQhoFAjvB5Hbud55QaR7LRzNN0I/oSPKQM2qs9HBDvEG54lbdBcg68XJSgRzNQfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9 ni1Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz2My6T1KBky0VhKoiJyfxvMuQKmRFTSyhT3N5K2JgqyoxNp2RD8FZfXiftWtVzq959rdK4yuMowhmcw yV4UIcG3EETWsBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wdNyI0Y</latexit>
= 0
<latexit sha1_base64="z71qDk4cHA1ha6OcoCBjLQ4/bbU=">AAAB6nicbVA9 SwNBEJ2LXzF+RS1tFoNgFe5SGBshYGMZ0XxAcoS9zVyyZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCx i1Q2oRsEltgw3AruJQhoFAjvB5Hbud55QaR7LRzNN0I/oSPKQM2qs9HBD3EG54lbdBcg68XJSgRzNQfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9 ni1Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz2My6T1KBky0VhKoiJyfxvMuQKmRFTSyhT3N5K2JgqyoxNp2RD8FZfXiftWtVzq959rdK4yuMowhmcw yV4UIcG3EETWsBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wdMRI0X</latexit><latexit sha1_base64="z71qDk4cHA1ha6OcoCBjLQ4/bbU=">AAAB6nicbVA9 SwNBEJ2LXzF+RS1tFoNgFe5SGBshYGMZ0XxAcoS9zVyyZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCx i1Q2oRsEltgw3AruJQhoFAjvB5Hbud55QaR7LRzNN0I/oSPKQM2qs9HBD3EG54lbdBcg68XJSgRzNQfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9 ni1Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz2My6T1KBky0VhKoiJyfxvMuQKmRFTSyhT3N5K2JgqyoxNp2RD8FZfXiftWtVzq959rdK4yuMowhmcw yV4UIcG3EETWsBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wdMRI0X</latexit><latexit sha1_base64="z71qDk4cHA1ha6OcoCBjLQ4/bbU=">AAAB6nicbVA9 SwNBEJ2LXzF+RS1tFoNgFe5SGBshYGMZ0XxAcoS9zVyyZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCx i1Q2oRsEltgw3AruJQhoFAjvB5Hbud55QaR7LRzNN0I/oSPKQM2qs9HBD3EG54lbdBcg68XJSgRzNQfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9 ni1Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz2My6T1KBky0VhKoiJyfxvMuQKmRFTSyhT3N5K2JgqyoxNp2RD8FZfXiftWtVzq959rdK4yuMowhmcw yV4UIcG3EETWsBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wdMRI0X</latexit><latexit sha1_base64="z71qDk4cHA1ha6OcoCBjLQ4/bbU=">AAAB6nicbVA9 SwNBEJ2LXzF+RS1tFoNgFe5SGBshYGMZ0XxAcoS9zVyyZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCx i1Q2oRsEltgw3AruJQhoFAjvB5Hbud55QaR7LRzNN0I/oSPKQM2qs9HBD3EG54lbdBcg68XJSgRzNQfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9 ni1Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz2My6T1KBky0VhKoiJyfxvMuQKmRFTSyhT3N5K2JgqyoxNp2RD8FZfXiftWtVzq959rdK4yuMowhmcw yV4UIcG3EETWsBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wdMRI0X</latexit>
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<latexit sha1_base64="QaE1MNndHHeUBQp+vI4iCw14thk=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5SqGXAxkoimA9IjrC3mSRL9naP3T0hHPkRNhaK2Pp77Pw3bpIrNPHBwOO9GWbmRYngxvr+t1fY2Nza3inulvb2Dw6PyscnLaNSzbDJlFC6E1GDgktsWm4FdhKNNI4EtqPJ7dxvP6E2XMlHO00wjOlI8iFn1DqpfY+pVtL0yxW/6i9A1kmQkwrkaPTLX72BYmmM0jJBjekGfmLDjGrLmcBZqZcaTCib0BF2HZU0RhNmi3Nn5MIpAzJU2pW0ZKH+nshobMw0jlxnTO3YrHpz8T+vm9rhTZhxmaQWJVsuGqaCWEXmv5MB18ismDpCmebuVsLGVFNmXUIlF0Kw+vI6adWqgV8NHmqV+lUeRxHO4BwuIYBrqMMdNKAJDCbwDK/w5iXei/fufSxbC14+cwp/4H3+AHzJj5w=</latexit><latexit sha1_base64="QaE1MNndHHeUBQp+vI4iCw14thk=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5SqGXAxkoimA9IjrC3mSRL9naP3T0hHPkRNhaK2Pp77Pw3bpIrNPHBwOO9GWbmRYngxvr+t1fY2Nza3inulvb2Dw6PyscnLaNSzbDJlFC6E1GDgktsWm4FdhKNNI4EtqPJ7dxvP6E2XMlHO00wjOlI8iFn1DqpfY+pVtL0yxW/6i9A1kmQkwrkaPTLX72BYmmM0jJBjekGfmLDjGrLmcBZqZcaTCib0BF2HZU0RhNmi3Nn5MIpAzJU2pW0ZKH+nshobMw0jlxnTO3YrHpz8T+vm9rhTZhxmaQWJVsuGqaCWEXmv5MB18ismDpCmebuVsLGVFNmXUIlF0Kw+vI6adWqgV8NHmqV+lUeRxHO4BwuIYBrqMMdNKAJDCbwDK/w5iXei/fufSxbC14+cwp/4H3+AHzJj5w=</latexit><latexit sha1_base64="QaE1MNndHHeUBQp+vI4iCw14thk=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5SqGXAxkoimA9IjrC3mSRL9naP3T0hHPkRNhaK2Pp77Pw3bpIrNPHBwOO9GWbmRYngxvr+t1fY2Nza3inulvb2Dw6PyscnLaNSzbDJlFC6E1GDgktsWm4FdhKNNI4EtqPJ7dxvP6E2XMlHO00wjOlI8iFn1DqpfY+pVtL0yxW/6i9A1kmQkwrkaPTLX72BYmmM0jJBjekGfmLDjGrLmcBZqZcaTCib0BF2HZU0RhNmi3Nn5MIpAzJU2pW0ZKH+nshobMw0jlxnTO3YrHpz8T+vm9rhTZhxmaQWJVsuGqaCWEXmv5MB18ismDpCmebuVsLGVFNmXUIlF0Kw+vI6adWqgV8NHmqV+lUeRxHO4BwuIYBrqMMdNKAJDCbwDK/w5iXei/fufSxbC14+cwp/4H3+AHzJj5w=</latexit><latexit sha1_base64="QaE1MNndHHeUBQp+vI4iCw14thk=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5SqGXAxkoimA9IjrC3mSRL9naP3T0hHPkRNhaK2Pp77Pw3bpIrNPHBwOO9GWbmRYngxvr+t1fY2Nza3inulvb2Dw6PyscnLaNSzbDJlFC6E1GDgktsWm4FdhKNNI4EtqPJ7dxvP6E2XMlHO00wjOlI8iFn1DqpfY+pVtL0yxW/6i9A1kmQkwrkaPTLX72BYmmM0jJBjekGfmLDjGrLmcBZqZcaTCib0BF2HZU0RhNmi3Nn5MIpAzJU2pW0ZKH+nshobMw0jlxnTO3YrHpz8T+vm9rhTZhxmaQWJVsuGqaCWEXmv5MB18ismDpCmebuVsLGVFNmXUIlF0Kw+vI6adWqgV8NHmqV+lUeRxHO4BwuIYBrqMMdNKAJDCbwDK/w5iXei/fufSxbC14+cwp/4H3+AHzJj5w=</latexit> N
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Figure 3: 40 states transitions under different noise parameter τ generated by an MPN with 4 neurons trained to memorize two
cycles in the deterministic limit: (left) stochastic dynamics generated by an MPN that is trained to memorize cycles of period 2.
(right) stochastic dynamics generated by an MPN that is trained to memorize cycles of period 4; see Fig. 9 in SM for topologies.
d(cycleA, cycleB) denotes the minimal hamming distance between the two cycles, which measures how far away the stored
spatiotemporal memories are. The larger the d, the more rare bit flips (induced by intrinsic noise) are required to transit to the
other memory, and hence memory switching becomes less likely when d is large. At the same τ , we thus observe less frequent
memory switching in (left) than in (right).
erate the same sequence (reproducing Fig.2 (top)) from the
dynamics in the limit τ = 0, provided the initial states of the
spikes are identical. Hence, MPN can store the sequence as a
spatiotemporal memory.
Robustness: This repeating sequence memorized by the
trained MPN with 8 neurons is in fact the stable attractor of
the entire state space dynamics generated by the trained MPN.
Namely, any 28 = 256 initial binary states will eventually
flow toward the cycle in Fig.2 (top). Thus, this spatiotemporal
memory is robust. Fig.2 (bottom) illustrates robust spatiotem-
poral memory in the state space dynamics generated by the
trained MPN with 4 neurons, where the entire state space
consists of 24 = 16 elements. All transient states (blue) are
in the basin of attraction of the spatiotemporal memory (red),
which is the repeating sequence [0, 4, 6, 14, 15, 7, 3, 2, 0].
Multiple Memories and the Role of Noise: It is possible
to train an MPN to store multiple spatiotemporal repeating
patterns, analogous to standard Hopfield nets that can store
multiple static patterns. Here, we demonstrate the simplest
scenario where 2 non-overlapping cycles are stored as robust
spatiotemporal memories in a small network with 4 neurons.
Generalization to multi-cycle storage in larger networks is
straightforward and will be reported elsewhere.
In these trainings, the first cycle to be memorized, say
cycleA, is selected to train an MPN. After the training is
completed, we select another one, cycleB , that is disjoint
from cycleA, and train the MPN that was originally trained
on cycleA. Eventually, the MPN can store both cycleA
and cycleB . We illustrate two trained MPNs: one that
stores 2 cycles of period 2, and another one that stores
2 cycles of period 4. The deterministic state transition
diagram generated by these MPNs is shown in Fig.3;
the state space consists of two cycles of period 2 in
Fig.3(a) which are cycleA = {(1, 0, 0, 0), (1, 0, 0, 1)}
and cycleB = {(0, 0, 1, 1), (0, 1, 1, 1)}, and two cy-
cles of period 4 in Fig.3(b), which are cycleA ={(1, 0, 0, 0), (1, 1, 0, 0), (0, 1, 0, 0), (0, 0, 0, 0)} and
cycleB = {(0, 0, 0, 1), (0, 0, 1, 1), (0, 1, 0, 0), (0, 1, 1, 0)}.
This notation represents an ordered set, in which a sequence
generated by the trained MPN proceeds from left to right.
In the presence of noise (τ > 0), fluctuations may destroy
the robustness of cycles. Namely, rather than remaining in
one of the cycles (deterministically stable periodic attrac-
tors), states could be driven away from one robust cycle to
another through a series of rare one flip transitions. Fig. 3
shows the response of the trained MPNs as the strength of
intrinsic noise τ increases. Thus, one useful role of noise in
MPN is to facilitate transitions between stored spatiotempo-
ral patterns of spikes that would not otherwise be possible in
the deterministic limit. Whether one could exploit this intrin-
sic noise-induced memory switching phenomena to design
controllable memory switching networks is worthy of future
investigation.
Application: Robustly Memorizing Sequences of
Binary Pictures
Robust spatiotemporal memory is an appealing feature of the
MPN; however, successive elements of a preferable sequence
to store might not be one-hop different as assumed in the
previous section. For instance, the successive elements in the
sequence of digits “2019” represented as binary pictures of
Fig. 5 (left) differ by multi-hop transitions. Here, we show
that MPNs can be trained to learn sequences of pictures that
differ by multi-hop transitions, illustrated in Figs.4- 5, and
also in the video in SM.
The multi-hop away sequence to learn consists of [the all-
zero state, “2”, “0”, “1”, “9”], in this specific order. Each
static binary picture in the sequence is represented as a 20 ×
20 binary matrix. To transit among these static memories in
the correct order, we randomly assign 100 one-hop transitions
step 0 step 1033 step 1470 step 1517 step 1580 step 1670step 1624 step 1765
……𝜏= 0.5
Timesteps
step 1907
…
step 0 step 1109 step 1170 step 1247 step 1350 step 1470step 1397 step 1539
……𝜏= 1
Timesteps
step 1640
…
Figure 4: Spatiotemporal pattern completion: dynamics generated by the trained MPN with τ = 0.5 and τ = 1 can robustly
recover the multi-hop away memory sequence 2019. Results for τ = 2 can be found in the SM.
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Figure 5: (Left). Multi-hop memory sequence to store that proceeds from “2” to “0” to “1” and to “9”. (Right). Rates λi
computed for different input spiked patterns; left to right: “2”, “0”,“1” and “9”. Larger λi indicates a higher probability for the
neuron i to flip.
between every successive pair of the static memories; i.e.,
the length for the entire training sequence, including the
transitions from the all-zero state to “2”, “2” to “0”, “0” to “1”
and “1” to “9”, is 400. The learning rate is set to η = 0.001.
For details on training procedure, see SM D.3.
Fig.4 shows snapshots of the dynamics at two different
noise parameters τ generated from the trained MPN. Initial-
ized with the all-zero state, the trained MPN almost perfectly
reproduces the multi-hop sequence “2019” with multiple
one-hop transitions that connect consecutive elements.
This generated sequence is also robust to noise, in the sense
that we can recognize the sequence of static memories “2”,
“0”, “1”, and “9” as time evolves for different noise levels. As
a consequence of our training procedure, the trained MPN
will generate the cycles containing multi-hop away memories
in the correct order; i.e., the dynamics will loop “2”→ · · · →
“0”→ · · · → “1”→ · · · → “9”→ · · · → “2”→ · · · (see
Fig.4).
We further examine the rate λi(θ) = ri exp {σizi/τ} to
illustrate that the MPN indeed learned the sequence. Given
the weights and biases of the trained MPN, we compute the
rates when the static memories are the input. Since the neuron
with a higher rate λi will be more likely to flip next, we can
estimate the preferable transitions that will take place given
λi. For instance, when feeding the trained MPN with the
input “2”, most rates associated with the spiked neurons of
the memory “0” and “2” become significanly higher than
the rates at the other neurons, see Fig.5. This is consistent
with the fact that “2” will transit to “0” through multi-hop
transitions and that the spiked neurons of “2” will recover
with higher rates than those neurons remaining in the armed
state. However, the neurons that spike at both the memory
“2” and “0”, i.e. the bottom horizontal line, will prefer to not
flip, consistent with the almost negligible rates at the neurons
that both memories already share.
Note finally that while Hopfield networks can be used
for recalling or denoising static memories (Hopfield 1982;
Hillar and Tran 2018), we have shown that MPNs can
be applied to recall spatiotemporal memories or complete
spatiotemporal patterns. Thus, the MPN with asymmetric
weights can be regarded as an STDP-consistent and non-
equilibrium generalization of the dynamics arising from
the symmetric Hopfield network. Regarding weight asym-
metry, we observe from the trained MPN that the learned
weights are considerably asymmetric. The asymmetry mea-
sure |wij − wji|/((|wij |+ |wji|)/2) = 1.38, 1, 53, 1.58 for
training parameters τ = 0.5, 1, 2, respectively.
Application: Inferring Generative Models for
Neural Spike-train Data
We now apply the MPN to learn spike-train statistics of a
neurobiology experiment, which reports the neuronal activi-
ties of cat primary visual cortex 3. The experiment recorded
spike-train dataset of 25 neurons. We preprocess the data and
3The dataset is available on https://crcns.org/data-sets/vc/pvc-3
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Figure 6: Histogram of the ISI of the spikes generated from
the trained MPN is in excellent agreement with that of the
test data.
form 60288 one-hop transitions, of which 70% (42202) is
used for training and 30% (18086) for testing. The learning
rate is set to η = 0.01.
To see how well the MPN reproduces the spike-timing
statistics of the data, we generate spike trains (from the MPN
trained at τ = 1) that last for the same duration as that of
the test data, starting from the same initial spike state. Fig.10
shows that the distribution of the inter-spike intervals (ISI)
of the generated spikes is in good agreement with that of the
test data. The visiting frequencies of generated spike states
are also in agreement with that of the test data as well (see
Fig.6 in SM D.4).
We now compare the performance of MPN in re-
producing the ISI statistics to that of the generalized
linear model (GLM), a standard statistical model of
ISI, using the Kullback-Leibler(KL) divergence as
a performance metric. We first bin the ISI into 20
slots, compute the density of each bin, and obtain the
distributions Ptest(ISI), PMPN (ISI), PGLM (ISI).
Then, the KL-divergences are calculated from
KL(MPN) = KL(PMPN (ISI)‖Ptest(ISI)) and
KL(GLM) = KL(PGLM (ISI)‖Ptest(ISI)), where
KL(p‖q) = −∑x p(x) log(p(x)/q(x)). Remarkably, we
found that 0.21 ± 0.11 = KL(GLM) > KL(MPN) =
0.04 ± 0.003, where the standard deviations are calculated
from 10 trials. Thus, MPNs can capture the statistics of ISI
even more accurately than the ubiquitous GLM.
Related Work
While sequence learning tasks have been studied in the
literature (Amari 1972; Brea, Senn, and Pfister 2013;
Memmesheimer et al. 2014), the work most related to MPN
is (Brea, Senn, and Pfister 2013), which focuses on train-
ing spiking neural networks with biologically plausible rules.
While both (Brea, Senn, and Pfister 2013) and this work at-
tempt to learn the distribution of sequences, they differ in
the model, the learning rule, and the applications. Regarding
model assumptions, (Brea, Senn, and Pfister 2013) assumes a
firing probability to be sigmoidal during T discrete-time bins;
MPN, however, assumes a continuous-time neuron model
with exponentially distributed refractory periods and stochas-
tic neurons. Such different models and assumptions lead to
distinct learning rules. Finally, while (Brea, Senn, and Pfister
2013) exploits hidden units to learn a sequence, the MPN
reported here consist of only visible neurons. We expect that,
by adding hidden neurons, MPN will become even more ex-
pressive. We leave hidden neurons problem to be explored in
future work.
Biological plausibility (Rezende, Wierstra, and Gerstner
2011; Bengio et al. 2015; Bengio et al. 2017; Scellier and Ben-
gio 2017; Liu, Quek, and Lin 2018) has also been emphasized
in the machine learning community, with the hope to uncover
efficient learning algorithms inspired by neuroscience. How-
ever, many proposed STDP-consistent algorithms assume
symmetric weights, a constraint generally considered biolog-
ically implausible. For example, (Scellier and Bengio 2017)
introduces a novel learning paradigm termed Equilibrium
Propagation that offers a biologically plausible mechanism
for backpropagation and credit assignment in Deep Learning.
The learning algorithm implements a form of STDP for neu-
ral networks with symmetric weights, i.e. wij = wji, such
that, in one of the learning phases, the weight update rule
satisfies ∂wij∂t ∝ ρ(ui)dρ(uj)dt + ρ(uj)dρ(ui)dt , where ui and
ρ(ui) are the membrane potential and its firing rate. In con-
trast, our model possesses a different weight update rule (see
Spike-Timing-Dependent Plasticity section), does not pose
the symmetric weight condition, and can reproduce asymmet-
ric STDP-like curves (see the STDP and MPN Learning Rule
section).
Lastly, our learning algorithm is partly inspired by Min-
imum probability flow (MPF) (Sohl-Dickstein, Battaglino,
and DeWeese 2011; Hillar, Sohl-Dickstein, and Koepsell
2012), a symmetric-weight discrete-time algorithm that ef-
ficiently learns distributions of static variables. Although
the update rule of MPF is akin to the the transition up-
dates of an MPN with symmetric weights, an asymmetric-
weight continuous-time MPN can also learn distributions of
sequences.
Conclusion
We introduce a biologically plausible continuous-time se-
quence learning algorithm for spiking neural networks and
demonstrate its capability to learn neural spike-train data as
well as to robustly store and recall spatiotemporal memories.
The hallmark of our local learning rule is that it provides
a normative explanation of STDP. There are several direc-
tions for future investigations. Firstly, akin to the Hopfield
network capacity problem, we could explore the capacity of
MPNs for storing random repeating sequences. More inter-
estingly, given a set of transitions between states that is not
necessarily a cycle, is it feasible to train the network to mem-
orize those transitions? The answer could hint at whether
MPNs possess large long-sequence storage capacity, a highly
sought-after characteristic of modern sequence learning mod-
els. Furthermore, while the current MPN is a fully-visible
network, extensions to a deep network with hidden layers
for large-scale computer vision and natural language tasks
would be worth investigating. Lastly, implementing the local
learning rule on neuromorphic computing hardware could be
a near-term application of our neuro-inspired framework.
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Supplementary Material (SM)
A: Rate Scaling
To construct a physically consistent model, the rate λi intro-
duced in the McCulloch-Pitts Networks section of the main
text must have the unit of the inverse of time. This can be
done by introducing the parameter ri with an appropriate
unit:
λi = ri exp(σizi/τ)
= exp[σizi/τ + ln(ri)].
We now show that introducing such an extra parameter is
amount to correcting bi and wii by appropriate ri-dependent
factors. Consider the exponent σizi/τ + ln(ri). Since σ2i =
(1 − 2xi)2 = 1 for a binary neuron’s state xi ∈ {0, 1}, the
exponent can be rewritten as:
σizi/τ + ln(ri) = σi
(
zi + σiτ ln(ri)
)
/τ
= σiz˜i/τ,
where the new input activity z˜i is related to the input activity
zi by the shift:
z˜i = zi + σiτ ln(ri).
In terms of the weights and biases, the new activity reads:
z˜i =
∑
j
wjixj + bi
+ (1− 2xi)τ ln(ri)
=
∑
j
w˜jixj + b˜i,
where the new weights and biases are given by:
w˜ij =
{
wij , if i 6= j.
wii − 2τ ln(ri), otherwise.
b˜i = bi + τ ln(ri).
Thus, with appropriate redefinition of wii and bi in mind,
we can simply work with λi = exp(σiz˜i/τ) as introduced in
the main text without loss of generality.
B: Proof of Spike-Timing-Dependent Plasticity
We now prove Theorem 0.1
Proof. First, we compute the expected synaptic update to the
directed weight w that sends the signal from the presynaptic
neuron i to the post synaptic neuron j, provided the initial
states at time t = 0 are xi = xj = 1, and the initial synaptic
weight is w1. In this scenario, we will show that the expected
synaptic update is −(η/τ)ϕ(w1) for some function ϕ to be
determined; this result will later later used. We assume that
neurons do not spike again after they recover. Note that after
the presynaptic neuron recovers, there are no other synaptic
updates because xi = 0.
Let us first define the firing rates which will appear fre-
quently in the calculation:
γi = re
bi/τ , γ˜i = r/γi,
γj1 = re
(bj+w1)/τ , γ˜j1 = r/γj1.
These rates are defined given the initial conditions xi = xj =
1. Then, there are two cases to consider, as outlined below.
For each case, we derive the resulting synaptic update.
C1. The presynaptic neuron recovers before the postsynaptic
neuron. The probability of this event occurring is γ˜i/(γ˜i +
γ˜j1). Let εi be the time of the presynaptic recovery, then
this holding time will be sampled from
εi ∼ Exp(γ˜i + γ˜j1).
From Eq. (2) in Sec. 3 in the main text, the holding update
reads
∆w = (η/τ)εiγ˜j1.
C2. The presynaptic neuron recovers after the postsynaptic
neuron recovers. The probability of this event occurring
is γ˜j1/(γ˜i + γ˜j1). Let εj be the time of the presynaptic
recovery and εj + εi be that of the postsynaptic recovery.
In this case, we have the following:
εj ∼ Exp(γ˜i + γ˜j1),
w2 = w1 + (η/τ)εj γ˜j1 − (η/τ),
γj2 = re
(bj+w2)/τ , γ˜j2 = r/γj2,
εi ∼ Exp(γ˜i),
and the weight update reads
∆w = (η/τ)[εj γ˜j1 − εiγj2 − 1].
Consequently, combining the two cases, the expected synap-
tic update is
(η/τ)γ˜iγ˜j1
∫ ∞
0
εie
−(γ˜i+γ˜j1)εi dεi + (η/τ)γ˜iγ˜j1·∫ ∞
0
e−(γ˜i+γ˜j1)εj
∫ ∞
0
(εj γ˜j1 − εiγj2 − 1)e−γ˜iεidεidεj ,
which simplifies to −(η/τ)ϕ(w1), where
ϕ(w1) ≡ γie
−η/τ
γ˜i + (1− η/τ)γ˜j1 > 0.
Note that in the limit η/τ  1, we get the approximation
ϕ(w1) ≈ γi
γ˜i + γ˜j1
.
Suppose the refractory periods are shorter on average than
the armed periods as assumed in the main text, we deduce
that γi is smaller than γ˜i and γ˜j1. Hence, ϕ(w1) < 1.
Using these results, we will now derive the synaptic up-
date when the presynaptic spike occurs at t = 0 and the
postsynaptic spike follows at t = ε, the situation neccesary
for computing the expected synaptic weight in one branch of
the STDP-like curves.
Define the following firing rates
γj = re
(bj+w)/τ , γ˜j = r/γj ,
Assume the presynaptic recovery time is also exponentially
distributed, with the rate γ˜i. There are two cases to consider
here.
C1. The presynaptic neuron recovers at time t = εi before
the postsynaptic spike. This event occurs with probability
1 − e−γ˜iε. The probability density for εi to be in (0, ε),
and the corresponding synaptic update are:
p(εi) = γ˜ie
−γ˜iεi/(1− e−γ˜iε),
∆w = −(η/τ)εiγj .
C2. The presynaptic neuron recovers after the postsynaptic
spike. The probability of this event occurring is e−γ˜iε.
Thus, at t = ε, we have xi = xj = 1, and
w1 = w − (η/τ)εγj + (η/τ).
Consequently, the expected synaptic update is
(η/τ)[−ϕ(w1)− εγj + 1].
Combining both cases, the expected synaptic update when
the presynaptic neuron spikes before the postsynaptic neuron
simplifies to:
E[∆w] = (η/τ)e−γ˜iε[1 + γiγj(1− eγ˜iε)− ϕ(w1)].
In the limit ε 1, we get the desired approximation:
E[∆w] ≈ C1e−γ˜iε, C1 = (η/τ)[1− ϕ(w1)] > 0.
This gives the positive branch of the STDP-like curves.
Finally, to study the other branch of the STDP-like curves,
suppose the presynaptic spike occurs at t = ε after the post-
synaptic spike at t = 0. Assume, as usual, the postsynaptic
recovery time is exponentially distributed, with rate γ˜j . There
are two cases to consider.
C1. The postsynaptic neuron recovers at time t = εj before
the presynaptic spike. This event occurs with probability
1 − e−γ˜jε. The synaptic update is zero for 0 < t < ε
because xi = 0, and for ε < t < ε + εi where εi is the
presynaptic recovery period, the update is nonzero. Thus,
εi ∼ Exp(γ˜i),
∆w = −(η/τ)εiγj .
C2. The postsynaptic neuron recovers after the presynaptic
spike. The probability of this event occurring is e−γ˜jε.
Thus, at t = ε, we have xi = xj = 1 and
w1 = w + (η/τ)εγ˜j .
Consequently, the expected synaptic update is
(η/τ)[−ϕ(w1) + εγ˜j ].
Combining both cases, the expected synaptic update when
the presynaptic neuron spikes after the postsynaptic neuron
simplifies to:
E[∆w] =− (η/τ)e−γ˜jε[ϕ(w1)− (1− eγ˜jε)γiγj − εγ˜j ].
In the limit ε 1, we get the desired approximation:
E[∆w] ≈ −C2e−γjε, C2 = (η/τ)ϕ(w1) > 0,
which is the negative branch of the STDP-like curves.
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Figure 7: Weights reconstruction error during training.
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Figure 8: Parameters inferred from the MPN learning rule
agree with the parameters of the MPN used to generate the
dynamics. This shows that the MPN is self-consistent.
C: Training McCulloch-Pitts Networks
The pseudocode for MPN training is shown in Algorithm 1.
Parameters are updated according to appropriate gradients of
the transition terms and the holding terms.
Algorithm 1 MPN Training Algorithm
1: D(t)← training data
2: Initialize θ = {w, b}
3: while not convergence of w, b do
4: for n from 1 to N do
5: ∆1w,∆1b← gradients fromHn(θ)
6: Update parameters w, b using ∆1w,∆1b
7: ∆2w,∆2b← gradients from Tn(θ)
8: Update parameters w, b using ∆2w,∆2b
9: end for
10: end while
D: Experimental Results
The codes for training and manipulating the McCulloch-Pitts
network, including the videos demonstrating MPN’s spa-
tiotemporal pattern completion capability will be available at
https://github.com/owen94/MPNets.
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Figure 9: Deterministic state diagrams generated by an MPN
with 4 neurons trained to store two robust cycles. The number
on each node is the decimal representation of the correspond-
ing state binary vector of length 4, e.g. the state (1, 0, 1, 0) is
represented by 1×20+0×21+1×22+0×23 = 5.Blue nodes
are transient states that flow along the arrows toward one of
the two stable cycles. Red nodes are elements of stable cycles.
Which robust cycle (stable periodic attractor) is reconstructed
depends on the basin of attraction for the initial state. (top)
shows the scenario when two memorized cycles are of period
2, while (bottom) contains two memorized cycles of period
4. In the presence of noise, transitions between the two deter-
ministically disjoint cycles are possible, most likely via the
minimum number of bits required to flip to reach the other cy-
cle (measured by hamming distance). The minimal hamming
distance between the two memorized cycles in (top) is 2 (e.g.,
The state can transverse via noisy dynamics from one cycle
to the other via {(1, 0, 0, 1) → (0, 0, 0, 1) → (0, 0, 1, 1)},
while the minimal hamming distance in (bottom) is 1. Hence,
configurations (bottom) are more prone to cycle switching
than (top) in the presence of noise, as illustrated in Fig.3 in
the main text.
1. Consistency
The weight reconstruction error during training is shown
in Fig.7. We notice that our algorithm converges quite fast,
reaching the minimum only after 5 epochs. Fig.8 compares
the recovered weights wˆ and biases bˆ to those of the original
ones.
2. Robust Spatiotemporal Memory
In the main paper, we show how MPNs can learn two disjoint
cycles. Here we visualize the topology of transitions between
neuron states for the multiple cycles experiments in Fig.9.
3. Application: Robustly Memorizing Sequences of
Binary Pictures
As explained in the main paper, we randomly assign 100 one-
hop transitions between every successive pair of the static
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Figure 10: The test log-likelihood in Tim Blanche dataset.
memories; i.e., the length for the entire training sequence,
including the transitions from the all-zero state to “2”, “2” to
“0”, “0” to “1”, and “1” to “9” is 400. Here, we show how we
generate such training data by taking transitions from “2” to
“0” as an example.
The model to be trained consists of 20×20 = 400 neurons
that are originally all disconnected. Suppose the model begins
with the spiked states “2”; our goal is to bias the dynamics
to transit into state “0” through multiple one-hop transitions.
To do this, we clamp large positive zi values for the neurons
i that are supposed to spike (xi = 1) at the spiked-state of
“0”, and large negative zj values for neurons j that are sup-
posed to be armed (xj = 0) at the armed-state of “1”. Then
we generate the data following dynamics described in the
subsection Dynamics of the main paper, where we use the
predefined zi, zj rather than using zi =
∑
ji∈E wjixj + bi.
Consequently, we can generate a sequence that stochastically
transits from “1” to “0”. Note that in this scenario, the dy-
namics is not guaranteed to exactly end up after 100 steps
at “0”. Instead, it may end up at states nearby “0” (nearby
in Hamming distance). In our experiments, we set the hyper-
parameter zi = −zj and choose zi such that ziτ = 6 in order
to obtain transitions that can transit from one static mem-
ory to the other within 100 steps. Timings are also sampled
accordingly.
From the procedure for generating training data mentioned
above, we train the MPN based on Algorithm.1. The dynam-
ics generated from the trained MPN for τ = 0.5 and τ = 1
are shown in the main paper. For τ = 2, see Fig.11 below.
Videos: We also created videos for the dynamics generated
by the trained MPN under τ = 0.5, τ = 1, and τ = 2. The
states (images) used for the videos are sampled as follows.
Given the all-zero input state, we run the dynamics for 2300
one-hop transitions (to ensure a few “2019” sequences will be
repeated) and create a video with 32 frames per second (FPS)
and 64 FPS. We can see that the trained MPNs can robustly
recall the multi-hop away binary pictures in the correct se-
quential order, thus MPNs can perform robust spatiotemporal
pattern completion!
step 0 step 794 step 930 step 1020 step 1100 step 1300step 1191 step 1346
……𝜏= 2
Timesteps
step 1539
…
Figure 11: Spatiotemporal pattern completion: dynamics generated by the trained MPN with τ = 2
4. Application: Inferring Generative Models for
Neural Spike-train Data
We preprocess the inter-spike intervals (ISI) data measured
in microseconds(µs) to be measured in seconds (s) to avoid
numerical overflow. We set the refractory period to 200µs for
every spike, while the minimum experimental ISI is measured
at 400µs.
The test log-likelihood of the MPNs trained at different τ
are shown in Fig.10. There is no overfitting in the test log-
likelihood, and it achieves the maximum of 0.33 when τ = 1.
Notice that as τ increases, the final achieved log-likelihood
will decrease and learning becomes slower. This phenomenon
is consistent with theoretical results as the objective function
and the gradients depend exponentially on 1/τ , leading to
smaller log-likelihood and slower learning. We expect the
learning to be faster for larger τ if we also appropriately
increase the learning rate.
We also plot the visited frequency of all the 225 neuron
states in Fig.12. The binary states are represented as their
decimal representations, and the frequency of visits at a neu-
ron state is computed from #transits at such state# of all transits . Notice that the
statistics of these highly visited states in the test and in the
generated data agree quite well.
We also explore the dynamics generated by the trained
MPNs at different temperature τ , shown in Fig.13. As ex-
pected, one can clearly see that the temperature τ plays a
role of intrinsic noise that drives the dynamics away from
the states visited in the (very low temperature) deterministic
limit. More states will be accessible at higher temperature.
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Figure 12: Histogram of the neuron states in test data and generated data. The trained MPN can reproduce the statistics of the
highly visited neuron spike-states in the experimental spike-train data very well.
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Figure 13: Histogram of neuron states collected from the dynamics generated by the MPN trained from Tim Blanche experiments
at different τ . The temperature τ plays a role of intrinsic noise that drives the dynamics away from the states visited in the (very
low temperature) deterministic limit. More states will become accessible at higher temperature.
